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Abstract
Let 1.G/ >    > n.G/ be the eigenvalues of a graph G. We explore the distribution of
eigenvalues of a graph G with 3.G/ < 0 and prove that
−1 6 k.G/ < 0 for 3 6 k 6 n C 12 ;
k.G/ 6 −1 for n C 32 6 k 6 n .n > 5/
and
n.G/ > −1 −
s
n
2

− m;
where n;m are the number of vertices and edges of G, respectively. According to above
property, let k.G/ D −1 C ; 0 6  6 1; 3 6 k 6 .n C 1/=2. Then we show that
j − 1 − j .G/j 6 ; k 6 j 6 n − k C 1:
If Gc, the complement of G, is bipartite, then 2.Gc/ < 1 implies 3.G/ < 0; 2.Gc/ D
3.Gc/ D  implies 3.G/ D −1 C . If Gc is not bipartite, then 3.G/ > 3.P c7 /. Finally
for a tree T that is not in two special classes, we prove that 3.T / > 2 cos 37  with equality if
and only if T D P6. © 2000 Published by Elsevier Science Inc. All rights reserved.
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1. Introduction
Let G be a simple graph with vertex set f1; : : : ; ng.n > 2/. Its adjacency matrix
A.G/ is the n  n 0–1 matrix .aij /; where aij D 1 if i is adjacent to j, and aij D 0
otherwise. We shall denote the characteristic polynomial of G by
P.G; x/ D det.xI − A.G//:
Since A.G/ is a real symmetric matrix, its eigenvalues must be real and may be
ordered as
1.G/ > 2.G/ > 3.G/ >    > n.G/:
1.G/ >    > n.G/ are called the eigenvalues of G. Let Gc denote the comple-
ment of a graph G; Kn be the complete graph, Pn be the path with n vertices and
Km;n be the complete bipartite graph. The component that is not an isolated vertex
is called nontrivial component.
Recently Cao and Hong [1] investigated the distribution of the third largest eigen-
value of graphs. They showed the following results.
Theorem A T1U. Let G be a graph with n .> 2/ vertices. Then
.1/ 3.G/ < −1 if and only if G DP3.
.2/ For every graph G with at least four vertices; 3.G/ > −1. Moreover; if Gc is
not bipartite; then 3.G/ > 0:
.3/ 3.G/ D −1 iff Gc is isomorphic to a complete bipartite graph plus isolated
vertices.
.4/ There exist no graphs such that −1 < 3.G/ < 1−
p
5
2 .
In this paper; we explore the distribution of eigenvalues of a graph G with 3.G/ <
0 and prove that
−1 6 k.G/ < 0 f or 3 6 k 6 n C 12 ;
k.G/ 6 −1 f or n C 32 6 k 6 n .n > 5/
and
n.G/ > −1 −
s
n
2

− m;
where m is the number of edges of G. According to the above property; let k.G/ D
−1 C ; 0 6  < 1; 3 6 k 6 .n C 1/=2. Then we show that
j − 1 − j .G/j 6 ; k 6 j 6 n − k C 1:
If Gc is bipartite; then 2.Gc/ < 1 implies 3.G/ < 0; 2.Gc/ D 3.G/ D  im-
plies 3.G/ D −1 C . If Gc is not bipartite; then 3.G/ > 3.P c7 /. Finally for a
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tree T that is not in two spectral classes; we prove 3.T / > 2 cos 37 with equality if
and only if T DP6:
Graph theoretical terms used but not defined can be found in T2U.
2. Lemmas
We first summarize some basic results in the following lemmas, which will be
used throughout the paper.
Lemma 1 T2U. If G is bipartite; then for 1 6 i 6 n;
i.G/ D −n−iC1.G/:
Lemma 2 T1U. Let G be a graph with n > 2 vertices. Then for k > 2;
k.G/ C n−kC2.Gc/ 6 −1 6 k.G/ C n−kC1.Gc/:
Lemma 3 T2U. Let V 0 be a subset of vertices of a graph G and jV 0j D k. Denote
by G − V 0 the subgraph obtained from G by deleting all vertices in V 0. Then for
1 6 i 6 n − k;
i.G/ > i.G − V 0/:
Lemma 4 T2U. Denote by m the number of edges of G. If 1 > pm; then G contains
at least one triangle.
Lemma 5 T3U. Let T be a tree with n vertices. Then for 2 6 i 6 n2 ,
i.T / 6
rhn
i
i
− 1:
3. Main results
Theorem 1. Let G be a graph with n .n > 5/ vertices. If 3.G/ < 0; then
−1 6 k.G/ < 0 for 3 6 k 6 n C 12 ;
k.G/ 6 −1 for n C 32 6 k 6 n:
Proof. Suppose that k.G/ D −1 C . Since k.G/ 6 3.G/ < 0 for k > 3, we
have  < 1. By Lemma 2,
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n−kC2.Gc/ 6 −1 − k.G/ 6 n−kC1.Gc/;
i.e.,
n−kC2.Gc/ 6 − 6 n−kC1.Gc/: (1)
Since 3.G/ < 0, by Theorem A(2), Gc is bipartite. By Lemma 1 and (1),
− 6 n−kC1.Gc/ D −k.Gc/; (2)
− > n−kC2.Gc/ D −k−1.Gc/: (3)
If k 6 .n C 1/=2, then n − k C 1 > k. Hence by (2),
− 6 n−kC1.Gc/ 6    6 k.Gc/ 6 ;
which implies  > 0. Thus 0 6  < 1; −1 6 k.G/ D −1 C  < 0.
If .n C 3/=2 6 k 6 n, then n − k C 2 6 k − 1. Hence by (3)
− > n−kC2.Gc/ >    > k−1.Gc/ > ;
which implies  6 0. Thus k.G/ D −1 C  6 −1: 
Theorem 2. Let G be a graph with n .n > 5/ vertices. If 3.G/ < 0 and k.G/ D
−1 C ; 0 6  < 1; 3 6 k 6 .n C 1/=2 .by Theorem 1/. Then for j 2 fk; k C 1;
: : : ; n − k C 1g;
j − 1 − j .G/j 6 :
Proof. By Lemma 2, we have
k.G/ C n−kC1.Gc/ > −1;
i.e.,
n−kC1.Gc/ > −:
Since 3.G/ < 0, by Theorem A, Gc is bipartite. By Lemma 1, we have −k.Gc/ D
n−kC1.Gc/ > −, and hence
k.G
c/ 6 : (4)
By Lemma 2,
k.G
c/ C n−kC1.G/ > −1:
From (4),
n−kC1.G/ > −1 − ; 0 6  6 1:
Since n − k C 1 > k, we have
−1 C  D k.G/ > kC1.G/ >    > n−kC1.G/ > −1 − :
It follows that for any j 2 fk; k C 1; : : : ; n − k C 1g;− 6 1 C j .G/ 6 , and
hence j − 1 − j .G/j 6 ; 0 6  < 1: This completes the proof of theorem. 
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Corollary 1 T4U. Let G be a graph with n .n > 5/ vertices. If 3.G/ < 0 and
k.G/ D −1; 3 6 k 6 .n C 1/=2; then j .G/ D −1 for j 2 fk; k C 1; : : : ; n − k C
1g.
Proof. Let  D 0 in Theorem 2. 
Theorem 3. Let G be a graph with n vertices and m edges. If 3.G/ < 0; then
n.G/ > −1 −
s
n
2

− m:
When G D Kn; the equality holds.
Proof. We first prove that
1.G
c/ 6
s
n
2

− m:
If not, by Lemma 4, Gc contains at least one triangle. Thus Gc is not bipartite. By
Theorem A(2), 3.G/ > 0, which is a contradiction.
Let A; B be n  n matrices, C D A C B. According to Courant–Weyl inequalit-
ies (see [5])
sCtC1.C/ 6 sC1.A/ C tC1.B/;
where s; t > 0; s C t C 1 6 n. Take s D 0; t D n − 1; C D A.Kn/;A D A.Gc/,
B D A.G/. Then
n.Kn/ 6 1.Gc/ C n.G/:
Hence
n.G/ > n.Kn/ − 1.Gc/ > −1 −
s
n
2

− m:
Clearly, if G D Kn, then the equality holds. 
Example 1. Let G D Kn − e for n > 4:
Since 3.G/ D −1 < 0, by Theorem 3, n.Kn − e/ > −1 −
p
1 D −2:
According to Theorem A(2), if Gc is not bipartite, then 3.G/ > 0. The following
example shows that if 3.G/ > 0, Gc can be bipartite.
Example 2. Let G D C4. Then 3.G/ D 0, but Gc is bipartite.
We now consider the converse problem about Theorem A(2).
Theorem 4. Let G be a graph with n vertices. If Gc is bipartite and 2.Gc/ < 1;
then 3.G/ < 0.
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Proof. Since Gc is bipartite, n−1.Gc/ D 2.Gc/. By Lemma 2,
3.G/ C n−1.Gc/ 6 −1:
Thus 3.G/ 6 −1 − n−1.Gc/ D −1 C 2.Gc/ < −1 C 1 D 0, as desired. 
Corollary 2. If 3.G/ > 0 and 2.Gc/ < 1; then Gc is not bipartite.
Theorem 5. Let G be a graph with n vertices. If Gc is bipartite and 2.Gc/ D
3.Gc/ D ; then 3.G/ D −1 C .
Proof. Since Gc is bipartite, by Lemma 1,
n−1.Gc/ D −2.Gc/;
n−2.Gc/ D −3.Gc/:
By Lemma 2,
3.G/ C n−1.Gc/ 6 −1 6 3.G/ C n−2.Gc/;
i.e.,
3.G/ − 2.Gc/ 6 −1 6 3.G/ − 3.Gc/:
We now have −1 C  6 3.G/ 6 −1 C , and hence 3.G/ D −1 C . 
We have known that if Gc is not bipartite, 3.G/ > 0. Now we consider the case
of bipartite graph Gc in detail.
Theorem 6. Let G be a graph with n vertices. If Gc is not bipartite with girth > 4;
then 3.G/ > 3.P c7 /.
Proof. Suppose that Gc contains odd cycle C2kC1 with length 2k C 1 .k > 2/.
If k D 2;Gc contains an induced subgraph C5. Note that 3.C5/ D 2 cos 25 (see
[6]). By Lemma 3,
3.G/ > 3.Cc5/ D 3.C5/ D 2 cos 25 > 0:6    > 3.P c7 /:
If k D 3;Gc contains an induced subgraph C7. Note that 3.Cc7/ > 3.P c7 /. By
Lemma 3,
3.G/ > 3.Cc7/ > 3.P c7 /:
If k > 4;Gc contains an induced subgraph P7. By Lemma 3,
3.G/ > 3.P c7 /:
Hence 3.G/ > 3.P c7 /. 
Finally, we discuss the third largest eigenvalue of trees.
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Let T 2.n − a − 2; a/ .a > 0/ be the tree obtained from the disjoint union of K1;a
and K1;n−a−2 by adding an edge between the vertex of degree a and the vertex of
degree n − a − 2, let T 3.n − a − 3; a/ be the tree obtained from T 2.n − a − 3; a/
by adding a subdivision vertex on the edge which is not pendent. Clearly, T 3.n −
3; 0/ D T 2.n − 3; 1/, T 2.n − 2; 0/ D K1;n−1. T 2.n − 3; 1/ and T 3.n − 4; 1/ are
graph S2n−2 and S
3
n−3 in [7], respectively.
Theorem 7. Let T be a tree with n > 5 vertices that is neither a T 2.n − a − 2; a/
nor a T 3.n − a − 3; a/. Then
3.T / > 2 cos 37 (5)
with equality if and only if T D P6.
Proof. If T is isomophic to Pn, since n > 5,
3.T / > 3.P6/ D 2 cos 37: (6)
Otherwise, let v be a vertex with d.v/ > 3 in T. Consider T − v.
Since T  T 2.n − 2; 0/ D K1;n−1; T − v has at least one nontrivial component.
We consider the following cases.
Case 1. T − v has at least two nontrivial components. Then T contains an induced
subgraph T1, where V .T1/ D f1; : : : ; 6g; E.T1/ D f.i; i C 1/: 1 6 i 6 4g [ f.3; 6/g.
By Lemma 3 and the appendix in [2],
3.T / > 3.T1/ > 0:5 : : : > 2 cos 37: (7)
Case 2. T − v has exactly one nontrivial component, say T 0. Since T  T 2.n −
a − 2; a/; T 3.n − a − 3; a/; T 0  P2; P3;K1;b .b > 2/. Let v1 be the neighbor of v
in T 0 and d 0.v1/ be the degree of v1 in T 0.
If d 0.v1/ D 1, then T has an induced subgraph T2, where V .T − 2/ D f1; : : : ; 7g;
E.T2/ D f.i; i C 1/: 1 6 i 6 5g [ f.2; 7/g. Otherwise, T has an induced subgraph
T3, where V .T3/ D f1; : : : ; 7g; E.T3/ D f.i; i C 1/V 1 6 i 6 4g [ f.2; 6/; .3; 7/g. By
Lemma 4 and the appendix in [2], we have
3.T / > minf3.T2/; 3.T3/g > 0:5    > 2 cos 37: (8)
According to the above proof, we note that if n> 6; 3.P7/ D 2 cos 38 > 0:76 : : :
and 3.T / > 12 from (7) and (8), while there is a unique tree, P6, of order 6 which is
not isomorphic to T 2.n − a − 2; a/; T 3.n − a − 3; a/ such that 3.T / D 2 cos 37 .
Thus the equality of (5) holds if and only if T D P6. This completes the proof of
theorem. 
From the proof of Theorem 7, we have:
Theorem 8. Let T be a tree with n > 6 vertices that is neither T 2.n − a − 2; a/
nor T 3.n − a − 3; a/. Then
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3.T / >
1
2 :
Combining Lemma 5 and Theorem 8; we know that if a tree with n > 6 vertices
is neither T 2.n − a − 2; a/ nor T 3.n − a − 3; a/; then
1
2 < 3.T / 6
rhn
3
i
− 1:
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